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Asstract. The abundancy index of a positive integer is the ratio between the sum of its
divisors and itself. We generalize previous results on abundancy indices by defining a two-

variable abundancy index function as I,.: Z* x Z" — Q where I,(x,n) = afl—(xn) Specifically,
we extend limiting properties of the abundancy index and construct sufficient conditions
for rationals greater than one that fail to be in the image of the function I,.

1. INTRODUCTION

The concept of perfect numbers is one of the oldest mysteries in number theory and has
been a major topic of study for over two millennia. Throughout the ages, perfect numbers
have been perceived to possess superstitious properties [5]. For example, the Pythagore-
ans related the perfect number six to marriage, health, and beauty [5]. On the other
hand, early Hebrews distinguished six as a “truly” perfect number as they believed that
God created the Earth in six days [5]. Although perfect numbers are important in ancient
belief systems and superstitions, they also play a prominent role in mathematical theory.
As Nicomachus pointed out, perfect numbers create a balance between deficient (num-
bers whose proper divisors sum to less than the number itself) and abundant (numbers
whose proper divisors sum to greater than the number itself) numbers [5]. A noteworthy
result proven by Euler characterizes even perfect numbers in a specific form [5].

Definition 1.1. A positive integer N is perfect if and only if N is equal to the sum of its
proper divisors.

Theorem 1.2 (Euler). Even perfect numbers are of the form N = 2P~1(2P — 1), where p and
(2P —1) are primes.

Open problems related to perfect numbers include the questionable existence of an odd
perfect number and the infinitude of perfect numbers. The abundancy index of a positive
integer, the ratio between the sum of its divisors and itself, is a quantity used to further
study these questions.

* Corresponding author
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Definition 1.3. The abundancy I: Z* — Q is a function defined by I(n) = % The ratio

%") is said to be the abundancy index of the positive integer n.

In particular, a positive integer is perfect if and only if it has an abundancy index of
two. By studying the abundancy index, we gain extended insight for when an odd perfect
number exists [4].

Theorem 1.4. There exists an odd perfect number if and only if there exist positive integers
p,n, and a such that p = a = 1 (mod 4), where p is a prime not dividing n, and

2p%(p -1
I(n):—poﬁ(ll) )
p -1

Theorem asserts that if we can find a positive integer n with an abundancy index of
% such that 13 does not divide 1, then we know an odd perfect number exists. A ques-
tion one might ask is whether or not some positive integer meets these requirements. To
answer this, we categorize rationals greater than one that fail to be the abundancy index
of any positive integer. We call these rationals abundancy outlaws. Much progress has
been made in determining the status of rational numbers greater than one as abundancy

outlaws or indices. One notable result generates a class of abundancy outlaws of the form
o(n)—t
n

, where t is a positive integer [4].

Theorem 1.5. Let m and k be integers. If (k,m) =1 and m < k < o(m), then % is an abundancy
outlaw.

In 2007, Judy Holdener and William Stanton proved that under certain conditions, ratio-
nals of the form @ are also abundancy outlaws, where t is a positive integer [4]]. This
theorem proves to be extremely useful as it extends Theorem|I.5]and classifies abundancy
outlaws in a similar form.

Theorem 1.6. For a positive integer t, let G(AI\I])H be a fraction in lowest terms, and let N =

" pifi for primes py,pa,..., pu- If there exists a positive integer j < n such that p; < %a(%)
P

k; . L
and cr(p].]) has a divisor D > 1 such that at least one of the following is true:

(1) I(p;.‘f)I(D) > O pd ecd(D, 1) = 1; and

(2) ged(D,Nt)=1,
then % is an abundancy outlaw.

Additionally, Holdener and Stanton were also able to show that certain rationals § greater
than one falling within the range I(n) < § <I(p;n) where n is a positive integer and p; is a
prime divisor of n are abundancy outlaws [4].

Theorem 1.7. Let £ be a fraction in lowest terms such that there exists a divisor N = []i_, pfi
of s satisfying the following two conditions:
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(1) ¢t <I(p;N) foralli<n

(2) The product o(N)(3;) has a divisor M such that (M,r) = 1 and I(M) >

some positive integer j < 1.

Then ¢ is an abundancy outlaw.

In the summer of 2007, Judy Holdener and Laura Czarnecki proved the following the-
orem and corollary dealing with abundancy indices [2]. In doing so, they were able to
identify certain rationals that are the abundancy index of at least one positive integer.

Theorem 1.8. If § is a fraction greater than one in reduced form, ; = I(N) for some N € IN,
and b has a divisor D = []}_ 1p " such that I(p;D) > ¢ for all 1 <i < n, then %% is an
abundancy index as well.

Corollary 1.9. Let m,n,t € N. IfM is in reduced form with m = ]_[Z 1p1 “and I(p;m) >

o(mn)+o(m )+t o(mn)+o(m)t .
T L forall 1 <i <1, then < is an abundancy index if 22" s an abundancy
index

Our main goal is to generalize and extend previous properties of the abundancy index,
specifically, results regarding abundancy outlaws and upper bounds. We begin by defin-
ing a two-variable abundancy index function as the x** abundancy index to consider the
ratio between the sum of the divisors of a positive integer n raised to a power x and n*.

Definition 1.10. The sum-of-divisors function of a positive integer n, o,(n), is defined by

Y
dn
Definition 1.11. The x* abundancy I,.: Z* x Z* — Q is a function defined by I,(x,n) =
( ). The ratio 2 ( ) is said to be the x' " abundancy index of the positive integer 7.

We observe characteristics and identify which rationals greater than one lie in the image
of the x" abundancy index by generalizing Holdener, Stanton, and Czarnecki’s work.
Similarly, we call rationals greater than one that fail to be in the image of the function
I, x" abundancy outlaws. The four theorems to follow generalize Theorems
and respectively. The proofs and greater explanations will be demonstrated in later
sections.

Theorem 1.12. Let m and k be positive integers. If (k, m*) =1, and m* < k < o, (m), then %
is an x'" abundancy outlaw.

Theorem 1.13. For a positive integer t, let 27~ * be a fraction such that (o,(n)+t,n*) =1, and

let n* =[T;_, pz- 5 Suppose that there exists a positive integer 1 < j < s such that p;‘ < %O’x (ﬁ)
i
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kj .
and suppose further that o, (pj]) has a divisor d* greater than one such that at least one of the

following is true:
(1) Ix(x,pf/)lx(x,d) > S g (@5, 1) = 1; o

(2) (d%,n*t) = 1.

Then % ( L is an x™ abundancy outlaw.

Theorem 1.14. Let l}ix be a fraction greater than one such that (k,Im*) = 1. If there exists a
divisor n* =[];_, pfki of Im* such that
(1) £ <1, (x,pin) forall 1 <i<s, and

Im*

(2) ax(n)l(%)x has a divisor d* such that (d*,k) = 1 and I.(x,d) > for some

positive integer 1 < j <s,

then lnk1x is an x™ abundancy outlaw.

Theorem 1.15. Suppose that iz is a fraction greater than one zn simplest terms, bx =

)

L(x,n
or some positive integer n, and cb* has a divisor d* = [[:_, p;"* such that I(x, > 4
p g i=1 pz pl cb*

all1 <i<s. Then %% is an x'" abundancy index as well.

In addition, we build off results we use to locate xt" abundancy outlaws and extend prop-
erties relating to limiting values and upper bounds of the abundancy index. Two well
known properties bound the abundancy index in relation to prime powers [6].

Property 1.16. For any prime power p’, the following inequality holds

olp) _ P

prop-1
Property 1.17. For any integer n > 1 and prime p that divides n,

el )

pln pln

The examination we consider categorizes positive integers of the form nm*, where n,m
are positive integers and k is a nonnegative integer. By applying this categorization, we

can find klim L, (x,nmk) for any n and m. This enables us to know the limiting value for

any combination of positive integers, rather than prime powers alone. The main result
we obtain is listed in the following proposition.
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Proposition 1.18. Let n and m be positive integers and k a nonnegative integer with m having
the prime factorization m = p}'p3*---p;'. If n = ab, where a is the largest divisor of n such that
(a,m) =1, then

t x

lim I, (x,nmk):lx(x,a)]_[ Pi

x_1°
k—o0 i1 pz

2. PRELIMINARIES

In this section, we present additional definitions and notations we use. From our previous
introduction of the abundancy index, we attain the idea of abundancy outlaws, rationals
greater than one that fail to be in the image of the function I. We generalize this concept
to the x'! abundancy index by introducing the notion of an x* abundancy outlaw.

Definition 2.1. A rational number greater than one is an x'" abundancy outlaw if it fails
to be the x!" abundancy index of any positive integer.

Note that in this paper, we refer to the abundancy index and abundancy outlaw as the
th abundancy index and x'" abundancy outlaw respectively, when x = 1. Next we take a
look at multiplicative properties of the xt! abundancy index. Let (a,b) denote the greatest

common divisor of a and b. Since o, is multiplicative, I, is also multiplicative; that is, if
(a,b) =1, then by [5],

I (x,ab) =L, (x,a)l,(x,Db).

It is known that for any positive integers a and b, ab = (a,b) - 1cm (a, b) where lcm (a, b) de-

notes the least common multiple of a and b [1]. We apply this property to the ! abundancy
index.

Proposition 2.2. For any positive integers a and b,

I(x,a)l(x,b) =1,(x,(a,b))l(x,1cm(a,b)).

Proof. Let a and b be positive integers having the following prime factorizations

r._r T'm
a=py Py Pm
b=pi'py - pu

where r; and s; are nonnegative integers for all 1 <i < m. Since I, is multiplicative, we
have that

Ix(x'a)fx(x,b):Ix(x pip--pm )[x(x pips.. pirrln)
1o 1) ) s 55 ) 1
:Ix(x,p?)lx(x,pil)Ix(x,pgz)lx(x,p522)...1x(x,p:n) (x pfgl)'
We know that

(a,b) = P! Ar1, 51)p/\(72,52).”p:\(rt,st) Q
lem (a’ b) P V(ry, s1)pV(r2,sz) B .p;/(rt,st)
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where A(r;,s;) and V(r;,s;) denote the minimum and maximum of r; and s; respectively.
Using this fact, we can rewrite the equation as

Ix (x,p{\(rlrsl))lx (x,pl/(rlrsl))lx (x’p;\(rZrSZ))Ix (x,p;/(rZ'SZ)). .. Ix (x,p'/;(rm'sm) )Ix (xlpr\l/d(rm’sm))

=1, (x,p{\(n,sl)p/\(rz,sz) p/\(rm,sm) )Ix (x:PY(Tl'Sl)pV(rZ'SZ) pV(fm»Sm) )

1 <D 1 < Dm

From equation (1)),
I.(x,a)L.(x,b) = L,(x,(a,b)) I, (x,lcm(a,b)).

3. LiMITING PROPERTIES AND BOUNDS ON THE x™ ABUNDANCY INDEX

Here we analyze limiting properties and upper bounds on the function I, and improve
previously known results. The following proposition is a generalized version of a theorem
used in [3]]. We will make great use of the result when identifying x" abundancy outlaws.

Proposition 3.1. Let n and k be positive integers. If k > 1, then I, (x,kn) > I (x, n).

Proof. Let n and k be positive integers. If 1,ay,a;,4a,,...,a5n are the divisors of n, then
1,k,kay, kay, ka,,..., kag, kn is a set of divisors of kn. We can bound I, (x,kn) by

L+ (k)" + (kag)* + (kay)* + (kay)* + -+ + (kas)* + (kn)*
(kn)¥
1 k"(1+a’(§+a’1‘+a’2‘+---+a§+n")
" (kn)* (kn)*

I (x,kn) >

1
>W+Ix(x,n)>lx(x,n).

Therefore, I, (x,kn) > I, (x, n). O

From Proposition we see that the xP abundancy index of any multiple of a positive
integer increases. Our next goal is to extend upper bound properties regarding prime
powers. We improve Property and Property by categorizing positive integers
of the form nm*, where n, m are positive integers and k a nonnegative integer. By doing

so, we can find lim Ix(x,nmk) for any n and m. We first observe cases where (n,m) = 1.

—00

Building off limiting values and bounds on the xt" abundancy index, we take note of ratio
properties using the nm* categorization.

Proposition 3.2. Let ny, n,, m, k be positive integers and j a nonnegative integer. If (ny, m) =1
and (n,,m) =1, then

L (x,nlmk) I, (x, nzmk)

I, (x,nlmj) I, (x, nzmj).
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Proof. Let ny, n,, m, k be positive integers and j a nonnegative integer. Since I, multi-
plicative, we have

L (x, nlmk) L (x, mk) L, (x,nzmk)

I, (x, nlmj) L, (x, mf) L, (x, nsz)
OJ

From Proposition we notice that ratios of the x" abundancy index remain constant
when m is fixed. Next we take a look at the limiting value for any positive integer power.

Proposition 3.3. If m is a positive integer and k a nonnegative integer with m having the
prime factorization m = p}'p3’---py', then

t x

. Pi
k11_>r£101x<X,mk) = !;[Pf—l'

Proof. Let m be a positive integer and k a nonnegative integer with m having the prime

factorization m = p}'p;?---p}'. Since I, multiplicative,

lim I, (x,m) = lim I (x (pi'p32 - p7')')

k—oo
= lim I, (x,pllcs1 ) . (x,pfst).

k—
By the definition of I,,
tsi ! ksi g \x(ksi=))
i eot”) =i P = )
1 =

where 1 <i <t. Using a geometric sum, we can rewrite the equation as
kSl‘

' 1 x(ks;—j) . ks; 1 Xj
lim — = lim —

k—)ooj:O Pi k—)ooj:O pi

o
-) [

Therefore,

O

Using the previous two propositions, we look at cases where n and m are not coprime. In
these cases, limiting values and ratios of the xth abundancy index become more intricate.
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Proposition 3.4. Let ny, n,, m, k be positive integers and j a nonnegative integer. If ny = a b
and n, = a,b where ay and a, are the largest divisors of ny and n,, respectively, such that
(a;,m)=1and (ay,m) =1, then

Ix(x,nlmk) Ix(x,nzmk)

L, (x,nlmj) I, (x, nzmj)'

Proof. Let ny, ny, m, k be positive integers and j a nonnegative integer. We can substitute
a,b for n; to get

I, (x,nlmk) ~ I, (x,albmk)

Ix(x,nlmf) - Ix(x,albmf)'

Since I, is multiplicative,

I, (x,albmk) ~ I, (x,bmk) ~ I, (x,azbmk) I, (x,nzmk)

Ix(x,albmj) - Ix(x,bmf) - Ix(x,azbmf) Ix(x,nsz)

O

Proposition 1.18. Let n and m be positive integers and k a nonnegative integer with m having
the prime factorization m = p}'p3*---p;'. If n = ab, where a is the largest divisor of n such that
(a,m) =1, then

t x

kli_)rgolx(x,nmk) = Ix(x,a)]l;[p;i T

Proof. Let n and m be positive integers and k a nonnegative integer with m having the
. . . 5185 St . . .

prime factorization m = p;'p,°---p;' and n = ab, where a is the largest divisor of n such

that (a,m) = 1. We begin by substituting ab for n and using the multiplicative properties

of I, to obtain

lim I, (x, nmk) = lim I, (x, abmk)

k—oo k—o0
=1I,(x,a) ]}Lrgolx (x, bmk).

By the definition of b, we know b must have the prime factorization b = p{'p5*---p;’, where

c; is nonnegative and ¢; <s; for all 1 <i <t. This gives us
, ksi Kk k , ks, K r
e b 7)) = e i e 55717777
=1 (x, a)]}i_?;,]x (xlpllcchl )Ix (x,plészﬂ:z),,.jx (x,pl;sﬁa).

We have that as k approaches infinity, ks; + ¢; approaches infinity for all 1 <7 <t. From

Proposition

t x

lim I, (x,nmk) =1.(x,a) l_[ Pi

Xx_1°
koo i-1 P
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Proposition gives the limiting value for any combination of positive integers under
the x'! abundancy index. Returning to Theorem |1.2} we know that even perfect numbers
are of the form N = 2P~1(2P — 1), where p and (2P - 1) are primes. Using Propositionm
we obtain the following proposition dealing with positive integers that share the same
form with even perfect numbers.

Proposition 3.5. Let py,p,,...,px be the sequence of prime numbers in increasing order. Con-
sider the sequence of numbers denoted by Ny, N,,..., Ny, where N; = 2Pi=1(2Pi —1) for 1 <i < k.
Then

) 2%
dm L (o N = 55—

Proof. We begin by substituting 2Px~1 (2Pk — 1) for N,
fim I e Ny) = fim 29471 (274 - 1)
= lim I, (x, 2pk—1)1x (x,2Pk—1).

k—o0

Proposition gives us

pi-1 2
. -1\ _
Jim b (32071 = 5
Since 2Pk —1 is a prime number,
2Pk — 1)+ 1

lim I, (x, 2Pk = 1) = lim % =1

k—o0 k—o0 (2Pk - 1)
Collecting the pieces,

2X
dim L (6 Ni) = 37—

O

Proposition |3.5| proves to be an interesting result in that we can think of % as a perfec-
tion mark for positive integers under the x'" abundancy index. Knowing this fact, we can

predict the limiting value of even perfect numbers under the xt! abundancy index as they
grow larger, if infinitely many do exist.

4, x™ ABuNDANCY OUTLAWS

We now focus on generalizing properties of abundancy outlaws as x" abundancy outlaws.
Our goal is to determine which rationals greater than one fail to be in the image of the
function I,.. The following properties will be extremely useful in doing so [4].

Property 4.1. Let n, m, and k be positive integers. If I,.(x,n) = % with (k,m) = 1, then m
divides n*.

Property 4.2. Let n, m, and x be positive integers. Then m* divides n* if and only if m divides
n.

Proof. This follows directly from the Fundamental Theorem of Arithmetic. O

Using these two properties and Proposition we move on to our main results.
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Theorem 1.12. Let m and k be positive integers. If (k,m*) =1, and m* < k < o,(m), then mi
is an x'" abundancy outlaw.

Proof. Let m and k be positive integers. For sake of contradiction, suppose % is an

th abundancy index. It follows that I, (x,n) = % for some positive integer n and
m*o,(n) = kn*.
By Properties[4.1]and [4.2}, m divides n. From Proposition [3.1}, I (x, n) > I, (x, m), hence,

oy(m) < ox(n) _ k.
mx n*  om*

Therefore, we have a contradiciton as o,(m) <k, makmg £ an xt abundancy outlaw. 0O

Theorem |1.12|generates a class of xt abundancy outlaws of the form (n—), where t is a

positive integer. Next we generalize Holdener’s and Stanton’s work [4]. We first extend
Oy(n)+t

Theorem [1.12| by locating x! abundancy outlaws of a similar form , where t is a
positive integer. The following lemma gives an important inequality we use when finding
these xtM abundancy outlaws.

Lemma 4.3. Let n be a positive integer with n = [];_ 1p1 " for primes py,pa,...,ps. For a given
pj where 1 < j <s and a positive integer t,

1
w L(x,pjn) if and only if p7 < — 70 20
n I p’fj
]

Proof. Let n be a positive integer with n =[T;_, pfi for primes py,py,...,ps. For a given p;
where 1 < j <sand a positive integer t, suppose

oy(n)+t
nx

<I(x,pjn).
This implies
proy(n)+pit < oy(pjm)

Examining the left hand side of the inequality,

x x x k] n k+1 n x
pjax(n)+pjt:pjax(pj )UX ¥ +p]t_(ax(p] )—1)Gx —- |t pit.
Pj Pj

From here we have that
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Conversely, suppose p; < %Ux(%)- Using the same argument, we show that —( o
Pj
I(x,pjn). Therefore,
Ux(n) +t . ) . 1 n
—— < Ix(x,pjn) if and only if p; < ?gx = |
Pj
O
Theorem 1.13. For a positive integer t, let ZU*E 1, a fraction such that (o,(n)+t,n*) =1, and

let n* =[T;_, pi 5, Suppose that there exists a positive integer 1 < j < s such that p;-‘ <io, (%)
P

kj ..
and suppose further that o, (pj]) has a divisor d* greater than one such that at least one of the

following is true:
(1) L% p Ve, d) > SU and (d%,8) = 1; or
p]

(2) (d*, nxt) - 1.

Then 2L is an x™ abundancy outlaw.
Proof. Case 1: For a posmve integer t, let 22 *! be a fraction such that (ox(n)+t,n%) =1,
and let n* =[];_, pi . Suppose that there ex1sts a positive integer 1 < j < s such that

kj ..
p;.‘ <io, Lk] and suppose further that o, (pj] ) has a divisor d* greater than one such that
p.

k:
I, (x,p].]) «(x,d) > +t and (d*,t) = 1. For sake of contradiction, suppose that I, (x,a) =
Oy(n)+t

nx

for some positive integer a. Using Properties [4.1|and H, n divides a, which gives

us a = mn for some integer m. From our initial assumption, p] <z ax[ > ] By Lemma 4.3

P;

ox(n)+t

I.(x,a)= o

<IL(x,pjn),

ki+1 .. . .. .
and hence p].] does not divide 4, meaning p; does not divide m. We can rewrite I, (x, mn)
kj . T
as I, (x, p].] . m_k:‘) and because I, is multiplicative,
Pj

kj x
] n
Pj

k; +t
Ix(x,a):lx( ]) X, mn %

X p; =

’
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this implies
k; mn
Ox (pj])ax _k] = (0x(n) + t)ym®.
Pj
k:
Combining our initial assumption that (d*,f) = 1 and d* divides o, (p ]-] ), this implies

(d*,0.(n)+t)=1. Hence, d* divides (o,(n) + t)m* implies d* divides m*. By Property

d divides m, giving d divides m—k’; . Using Proposition (3.1

Pj
. . t
I, (x,p?)[x(x,d) <I, (x,p;(])lx x,m—k;: =I.(x,a)= GX(%
Pj
which implies
k; t
Ix(x,pj’)lx(x,d) < %.

o g n)+t .
Therefore, we have a contradiction and % is an xth abundancy outlaw.

Case 2: For a positive integer ¢, let %W be a fraction such that (ox(n)+t,n*)=1, and let

nx

n* =1T;_, pfki. Suppose that there exists a positive integer 1 < j < s such that p;-‘ < %(Tx (%)
j

and suppose further that o, (p;(j) has a divisor d* greater than one such that (d*,n*t) = 1.

For sake of contradiction, suppose that I,(x,a) = % for some positive integer a. From
Properties and n divides a, which gives us a = mn for some integer m. Using

Lemma[4.3],
ox(n)+t

I(x,a)= T

<I(x,pjn)

implying pj does not divide m. Since I, is multiplicative,

k; n
L(x,a) =1, x,pj] M=

P]']

ki n
:Ix(x,p]-])lx x,m—kj .

Pj

Let [m, %]) = Tzlp?", we can set 1 as
Pj

mgy =

7
nf:lpil
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where (my, =) = 1. Since I, is multiplicative,
i=1Fi
k no oy(n)+t
_ j qi | _ Yx
Ix(x;a)—lx(x’pj )Ix(xrmO)Ix xr_kjl_[pi - nx
P] 1=1
We can rewrite the equation as
k;
O (pj )Ox mo) o ]_[pl’ (ox (1) + t)rmg ]_[pl (2)

Because d* divides ax(pff) and ax(pl ') divides o,(n), d* divides o,(n). Combining this

with our initial assumption (4%,

n*t) =1, this implies (d%,t) = 1, hence, d* does not divide

o,(n)+t. From ({2), d* divides m [ |- )-qu. Returning to the fact that (d*,n*t) = 1, we know
x olli=1P; 8

that (d*, n*

) = 1, implying no prime power factor p; of n divides d*. Thus, d* divides m.

By Property H 4.2| and Proposition L(x,mg) > I,(x,d). From our initial assumption,

We can rewrite the

p] <z ax , this implies
Pj
1
s o)< Lot
and
1 S t
> )
p;‘CUx (p]J) Gx(n)
k; ki
Since d* divides oy (p]-]), d* < pioy (p].]), this gives us 4 > ——.
P?Gx(Pj])
inequality I, (x,mg) > I, (x,d) as
1
L(x,mg)>1+ PH
>1+ ;
X5 kj
P;jox\P;
o1+ t :Gx(n)+t: Ox(n)+t
Ux(”) Ux(”) kj " X
Ix(x,p]. )IX |1
Pj
S oy(n)+t

k:
Ix(x'p]'])lx( X, k l—lz lpz ]
P
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From our previous assumption,
ki n
I(x,a)=1 (x, -])I x,mg) L | x, — .
x( ) b4 P] x( 0) X p].(], !:[pz
j =

Substituting our previous inequality,

oy(n)+t

IX(X, a) > xT
Therefore, we have a contradiction and % is an x'M abundancy outlaw. O
Theorem [1.13| produces a class of x'" abundancy outlaws of the form O"(;C)H where t is a

positive integer. Our next goal is to find x™" abundancy outlaws lying within a certain
range. We note how much the x abundancy index of a positive integer n = []}_, pfi
increases by multiplying n by one of its prime power factors pfi, where 1 <i <s. We

then present a theorem determining x'" abundancy outlaws ; falling within the range
I (x,n) < § <I(x,pjn) where n is a positive integer and p; a prime power factor of 7.

Lemma 4.4. Let n be a positive integer with n =[;_, pfi for primes py,pa,...,ps. Then

I, (x,p]-n) Oy (P;Cjﬂ)

L(x,n) o (pl.cjﬂ)—l
]

oralll1 <j<s.
f j

Proof. Let n be a positive integer with n =[1;_, pfi for primes py,p,,...,ps. Then

ki+1
o (p.f )U (L) ( ki+1 ki+1
L(xpm) oupm) VT T pr ) oxlpp )] ox(p

I.(x,n) pro.(n) , - ki\ ki+1
x(xn) - piox(n) P*Ux(p;(])dx(%) P}CGx(P]-]) ox(p]-’ )—1
Pj

ki+1
)l
Therefore, IXI()(C’p i) = ] forall1<j<s. O
«(x,n) 5 (pk]+1)_1
\Fj

Theorem 1.14. Let lmix be a fraction greater than one such that (k,Im*) = 1. If there exists a
divisor n* =[]3_, pfki of Im* such that

(1) % <I.(x,pin) forall 1 <i<s, and

(2) ox(n)l(%)x has a divisor d* such that (d*,k) = 1 and I.(x,d) > for some

positive integer 1 < j <s,
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then 15 is an x™ abundancy outlaw.

Proof. Let lmLx be a fraction greater than one such that (k,Im”*) = 1. Suppose there exists a

divisor n* =[];_, pfkf of Im* such that

(1) lmLX <I.(x,pjn) forall 1 <i<s;and

(2) ax(n)l(%)x has a divisor d* such that (d*,k) = 1 and I,(x,d) > for some

positive integer 1 <j <s.
k

Im*

For sake of contradiction, suppose is an x'M abundancy index. This implies I, (x,a) =
% for some integer a and
Im*o,(a) = ka*.

From our initial assumption and Property n* divides Im*, which gives us that n*
divides a*. Using Property[4.2], n divides a, hence, a = bn for some integer b. We also have
that lmix <I.(x,pjn) forall 1<i<s, whichimplies
k ,

= Ix(x’ a) < M
Im> (pin)*

and
(pin)*oy(a) < a*oy(p;n),

which gives us p*i*1) does not divide a* for all 1 <i <s. By Property[4.2} p%i*! does not
divide a for all 1 <i <s, this implies (b, n) = 1. Since I, is multiplicative,
k

T

I, (x,a)=1I,(x,bn) =L, (x,b) I, (x,n)

It follows that
m

o*x(b)ax(n)l(;)x = kb,

We know that there exists a positive integer d* such that d* divides o,(n) (%)x and (d*, k) =

1. By Properties [4.1]and d divides b. From Proposition [3.I]and Lemma
L(x, b)L(x,n) > I,(x,d)L,(x, n),

implying

for some positive integer 1 <j <s. Hence,

k ox(pjn) Y[ ox(n)\ ox(pjn)
L(x,a) = — > L(x,d)[(x,n) > = =I.(x,pin).
x(x ﬂ) lmx (x ) (.X 7’1) [p;(gx(n) nx (p]n)x (x p]n)
Therefore, we have a contradiction and ; ;I:zx is an x'" abundancy outlaw. O
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Through these theorems, we have located certain rationals greater than one that fail to be
in the image of the function I,. The next question we consider is when rationals greater
than one are the abundancy index of at least one positive integer.

5. x™ ABUNDANCY INDICES

In this section, we observe rationals greater than one that fall into the image of the func-
tion I,. Our first proposition looks at abundancy outlaws that are x'" abundancy indices.

Proposition 5.1. If p is prime and x > 1, then I,(x,p) is an abundancy outlaw.
Remark. In particular, I(x, p) is an abundancy outlaw but is an xt" abundancy index when

p is prime.

Proof. Let p be prime and x > 1, then

We note that

p*<l+p*<o(p®) = Zpi.

i=0
From Theorem I.(x,p) is an abundancy outlaw. Therefore, the abundancy outlaw
I (x,p) is in the image of the function I, when x > 1. O

The next theorem and corollary are generalizations of Holdener’s and Czarnecki’s work
[2]. They allow us to determine whether certain rationals (greater than one) are the
x*" abundancy index of at least one positive integer.

Theorem 1.15. Suppose that 5 is a fraction greater than one in simplest terms, = = I(x, n)

for some positive integer n, and cb* has a divisor d* =[];_, pfki such that 1.(x,p;d) > = for

all1 <i<s. Then %% is an x'" abundancy index as well.

Proof. Let = be a fraction greater than one in simplest ierms. Suppose x = I(x,n) for
some positive integer n and cb* has a divisor d* =[];_, pf " such that I(x,p;d) > = for all
1 <i<s. Suppose further that I,(x,n) =z for some positive integer 1, then

cb*o,(n) = an®.

From Property[4.1Jand our initial assumption, d* divides n*. Using Property|[4.2} d divides
n, hence, n = md for some integer m. We return to our initial assumption, I,(x,p;d) > =
for all 1 <i <s, which implies

a ox(pin)
@ = Ix(x, 7’1) <

and
(pin) oy (n) <n*oy(p;n).
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This gives us p**i*1) does not divide n* for all 1 <i <s. Using Property pki*! does not
divide n for all 1 <i <s, it follows that (m,d) = 1. Since I, is multiplicative,

a
I (x,n)=1,(x,md)=1,(x,m)L,(x,d) = s
This implies
ou(m) ox(d) _ a_
m*  dx ch*
and
oy(m)  d* a
m*  o,(d)ch*’
giving us I (x,m) = Gj&) b7 Therefore, %cbx is an x! abundancy index. O

oy(mn)+ao,(m)t
(mn)*

Corollary 5.2. Let m,n,t be positive integers. If is a fraction in simplest terms

ox(mn)+o(m

Ty for all1 <i<s, then # is an x'" abundancy

with m* = 11P1 “and L(x,pjm) >

index 1f% is an x'" abundancy index.

Proof. Let m,n,t be positive integers. Suppose W
oy (mn)+o,(m)t

(mn)*

is a fraction in simplest terms

with m* = [];_ 1p1 % and L.(x,pjm) > for all 1 <i <s. Suppose further that

I(x,a)= M—ZE’;‘() for some positive integer a, then
(mn)*o,(a) = a* o (mn) + o, (m)t.

Using Properties [4.1] and mn divides a, which gives us a = bmn for some integer b.

> almmrodmt g0 o111 < i <s,

From our initial assumption, m* =[T;_, p?k" and I, (x,p;m) > G

it follows that (m,n) = 1. Hence
oy(mn) + o (m)t
(mmn)*

I, (x,a)=I,(x,bmn) =1, (x,m) I, (x,bn) =

Since o, is multiplicative, can rewrite the equation as

ox(mn)+o(m)t oy (m)oy(n)+ o (m)t

(mn)* - (mn)*
_ ax(m)(oy(n) + 1)
(mn)
oy (n)+t
= Ix(x, m)xT
We now have
t
L (e m) Ly (3, bn) = 1, () 20
which implies
I, (x by = 2
n
Therefore, U"(nr;)” is an xth abundancy index. O
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