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1. INTRODUCTION

The Fibonacci numbers 1,1,2,3,5,8,... have fascinated mathematicians for hundreds of
years. This familiar list is a particular member of a more general family of sequences,
defined recursively as G, = G,,_; + G,,_,, where n > 2. In the Fibonacci sequence above,
Go =1 and G; = 1. Another famous sequence in this family, generated by G, = 2 and
Gy =1, is known as the Lucas sequence:

2,1,3,4,7,11,...

Properties of Fibonacci and Lucas sequences, and the relationships between them, have
been the focus of a considerable amount of research. The well known Binet formulas,
which provide closed form rules to calculate the Fibonacci and Lucas numbers, both in-
corporate the so-called golden ratio (1 +V/5)/2, hinting at a deep connection between the
sequences:

1+v5 1—

where @ = == and = —>.

S

In addition to these two famous sequences, many have studied the more general family
of sequences that satisfy similar recursive behaviors. A number of properties related to
Fibonacci and Lucas numbers can be seen in [1]], [5] and [10]. In addition to these proper-
ties, the properties that sums, differences, and powers of the Fibonacci numbers possess
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have been of considerable interest. For example, sums and differences of Fibonacci num-
bers are also Fibonacci numbers [7]]. In [6], the authors discuss the relationship between
powers of Fibonacci numbers and Pascal’s triangle.

Those who have focused on the powers of Fibonacci numbers have discovered sum iden-

tities such as
m
F,..F, = ZP2
m+1im k*
k=1

The work by Clary and Hemenway [4] that explores sums of cubed Fibonacci numbers
has inspired this work to seek alternative closed forms for the sum of powers of Fibonacci
numbers. In [8], Melham discusses a closed form for the sum of fourth powers of Fi-
bonacci and Lucas numbers. The authors of [13] focus on powers of Fibonacci and Lucas
polynomials; however these results could lead to interesting results for Fibonacci and
Lucas sequences as well. In this paper, we find alternative closed forms for sums of non-
consecutive second and fourth powers of Fibonacci and Lucas numbers. In addition, we
continue by presenting a closed form for sums of non-consecutive sixth and eighth pow-
ers of Lucas numbers. In particular, when finding the sum of powers of non-consecutive

numbers, we seek to find unique closed forms that integrates numbers lying in between
the addends.

2. FiBonacct AND Lucas NUMBERS AND THEIR IDENTITIES

Before continuing, we formally define the Fibonacci numbers for all integers n > 2 as

F():O, F1:1,
Fy=F,1+F, .

The Lucas numbers are defined similarly, as

LO = 2, L1 = 1,
L,=L,1+L,.

We note the following identities which will be useful in the ensuing sections.
Theorem 1. [11]]| Fundamental Identity
L2 —5F2 = 4(-1)™.

From [12] we have the
Theorem 2. Cassini’s Identities

Fyo1 Fppar = Fpy = (=1)™,
Lol —L2 (=1)™,

m+l —



3. SuM OF SQUARES WITH INDICES DIrFrerING By Two

We begin our exploration by looking at sums of squared Fibonacci and Lucas numbers
that are a fixed distance from each other. In Lemma 1, we look at when the indices differ
by 2 and in Theorem 3 generalize to when the indices differ by an even integer k. Using
Cassini’s Identities and the Fundamental Identity one can show Lemma 1.

Lemma 1. Index Difference of Two for Fibonacci Numbers Squared

F2+F2 ,=3F2  +2(-1)""!
L2,+L2 ,=3L% , —10(-1)""
for all integers m > 2.

However we wish to generalize this property. A closed form for the sum of two squared
Fibonacci numbers, or Lucas numbers, of distance k apart where k is an even integer is
presented in Theorem 3. This result as well as many that follow will look to express
sums of powers of Fibonacci, or Lucas numbers, based on terms between the original two
addends, similar to that in Lemma 1.

Theorem 3. .
Fo+Fo = LiF2  +2F3(-1)"2,
2 2

L2412 = LL2 , ~10F3(-1)""3,
2 2

and in general,

=

Wi+ W = LW? | —10abFi(=1)""
2 2

S

for integer m and even integer k, where Wy =a+b, W; =aa +bp, W, =aa™ +bp"™, a = 1+2
and p = 1%6

Note that in the Fibonacci sequence, a = \/Lg and b = _\/Lg' while in the Lucas sequencea =b = 1.

Nl =

Proof. We will show that L Wni_% =W2+W2_ + 10abF§(—1)m—

Lkwjl_ — (ak+/3k)(aam—k/2+bﬁm—k/2)2

[SlE

— (a2a2m+b2ﬁ2m+a2a2m kﬁ +b2ﬁ2m k k+2abam+k/2/3m—k/2+2abam—k/2ﬁm+k/2)
— (Wn21 _ 2abam/3 + a2a2m—2k + b2ﬁ2m—2k + 2abam+k/2ﬁm_k/2 + 2abam—k/25m+k/2).
since a* = (=1)*g*. Thus,

N>

— (W2+W2 m 3k/2/3m 3k/2(4abam k/))m k)+2ab( )m k/Z(a +ﬁ ))
W2+W2 k+2ab( )m—k/Z(a —20(k/2[3k/2+ﬁ )
W2+ W2 +10ab(-1)"*2F2,

2
3
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The next section expands these results to sums of fourth powers of Fibonacci and Lucas
numbers. Again we begin by exploring sums of fourth powers of Fibonacci and Lucas
numbers that are a fixed distance from each other.

4. Sums or FourtH PowEeRrs ofF FiBonacct AND Lucas NUMBERS

In Lemmas 2 and 3, we look at when the indices differ by 2 for Fibonacci and Lucas
numbers respectively and in Theorem 4 we generalize to when the indices differ by k, a
positive multiple of 4. The general closed form of sums of fourth powers of Fibonacci and
Lucas numbers, presented in Theorem 4, is unique to this paper.

Lemma 2. Index Difference of Two for Fourth Powers of Fibonacci Numbers

Fp+Fp ,=7FF  +8(-1)""'F2 | +2

m—2 — m m

for all integers m > 2.

Proof. Recall that by the definition of the Fibonacci sequence,
Fin= (Fn1+ Fy ) and FJ,_, = (Fyy = Fy,-1)” and thus,

Fi"'F?n—Z = F;(Fm—l+Fm—2)2+Fr2n_2(Fm_Fm—l)2
= 2F2F2 4 (F2,+F2 ,)F2 | +2F,Fy_1Fp_o(Fpn—Fpo)
= 2F,Fpo(Fy_ +FyFp ) +(Fo+Fp ))Fr

From Lemma 1, F2, +Pr2n_2 = 31331_1 —2(-1)" and Cassini’s Identity F,,F,,_, = Fi_l +(=1)™.

Making these substitution,

Fp+Fr 5 = F2 [(2F2 | =2(=1)"+3F2_, = 2(=1)") + 2(F,,F1p_2)?
Fi—l(SFrzn—l —4(-1)") + 2(1:;31—1 - (-1)")?
7EY 4+ 8(-1)"'F2 | +2,

Similarly,
Lemma 3. Index Difference of Two for Fourth Powers of Lucas Numbers
Ly, +Ly _,=7Ly  —40(-1)""'LZ | +50

for all integers m > 2.



In general,

Theorem 4. For integer m and even integer k, where k =0 mod 4,

_k
Fp+Fy = L2ij1_% +4(-1)" 2P§F%Pi_% + 21:‘%*,

LA+ L% =LyL* |, —20(-1)"2F FyL> , +50F%,
m=3 2 2 2 2

ok
and
_k
W+ Wh | = Lkaé_% +20ab(~1)""2FFy Wni_g + 100(ab)2F§
Proof.

W+ Wt = (WZ+W2 )2-2W2W2 |
_k
= (Lkw;_g - 10abl—é(—1)m 22— 2W2AW2 |
from Theorem 3. Thus, since L,% =Ly +2 and Fng = F% — F%,

_k
W+ W2E = (L,fw:;_g —20ab(-1)" ngLkWi_% + 100(ab)2Fg) —2Wa W2

_k
Lok Wi_g ~20ab(~1)""2FFy W,i_g + 50(ab)2P;2L —2W2W2

+50(ab)2F4 + 2W* | +20ab(-1)""2 F2 W2
2 m=3 2 ™

_k-
2

Denote W,, = a?a™ + b2p"™, then W,,W,,_; = (aa™ + b/a’m)(aam‘k + bﬁ’”‘k) = a2k 4
b2p?"k + ab(a™p™k + a™ k™). One can see that a”p™ = (-1)" = (—-1)"F since k is
even. Therefore, W,,W,,_ = W,,,,_x + ab(-1)""¥L; and

~2(W,, Wy ) = —2W2, | —4ab(-1)"*L, Wy, - 2(ab)*L}.
Similarly,
2Wygn)t = 2W2 _ +8ab(~1)"*W,,,_ +8(ab).

Applying the Fundamental Identity,
20ab(=1)"M2FL,Wo sy = 4ab(=1)""2(Ly = 2) (W + 2ab(=1)"772)
= dab(-1)" 2L, W,,, - 8ab(-1)" KW, .
+8(ab)?Ly — 16(ab)>.
And lastly,
50(ab)2P‘§ = 2(ab)?®(Ly-2)?

= 2(ab)’L{ - 8(ab)’Ly + 8(ab)?

It is important for k to be divisible by 4, so that (1) = (=1)"-¥2_ With this assumption,
we can combine the above results to determine that

Whewi = szwi_% - 20ab(—1)m‘§P§F% Wi_% + 50(ab)2P;2*.
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5.

In this section, we pursue a few additional results related to this idea in relation to Lucas
Numbers. In the future, we hope to generate a general statement related to Theorems 5
and 6 as well as a general statement for all sums of even powers of Fibonacci numbers.
Some important identities that will be helpful in the proofs of Theorems 5 and 6 are
included in Lemma 4. Although the proofs in this section are particularly cumbersome,

HiGHER POWERS

the closed forms presented in Theorems 5 and 6 are unique.

Lemma 4. For positive integer k,

Theorem 5. For integers m, and k = 0

_k
L+ Ly = LyL® , —30(~1)" ZF%P%Li_

2

Proof. From Theorems 3 and 4,

6 6
L, +Lm_k

2

~ L3l —LyL?

m m=~m—-k

_ 6 _ _
= Lilyl;,_, —20(

—10(=1)""2 Ly F?L
2

(Ly,+Lr (L2 +L% ,)-L%L
= (LyL? , —20(-1)

= L3k+Lk

- Pik_PK;
2 2

= Fsi + Fg,
2 2
2 2

= Fu —Fg,
2 2

= Fux —Fs,
2 2
1

= —(Ly—-2),
5(k )
1

= —(Ly-2),
5( 3k — 2)
1

= —(Ly—L;),
5( 2k — Li)

N

m—"m—k

1)m_%LkF37kF§L4

m—=

4 4 200F%F3L?
2 2 2

= LoLy g~ Luly i

+(45F sk —75F s )Fx L*
2 2 2 m—5

—1%12

m=m—k

¢ +50L; L2 Fi
2

2 2
k= 500(_1)7”’1—

2

—250(~1)""3FS,

Nl =

F

m—% 2 4 2 2(_1ym-%
PFyFyly +50F)(Lly , —10F{(-1)

6
k
2

2

)



From Lemma 4, since LyLyy = L3 + Ly, LkF% = F% + F% and LZkF% = F% —P%k,

_k
L4l = Lyelf,  —20(-1)" SLEyFyLE | +S0LFLE2

2

—500(—1)""2FS

m-% 2 4 372
~10(-1) PFiLoL, ,+200FyFiL}

_k
2 2

LS

~Lo Ly =Ll + LeL® &

_k
L3kan_% ~10(=1)""2(3Fs ~ Fy + ZP%)F%L‘L i SOLkan_%Fg

m

_k
+200F 5 FRLY = 500(=1)""2F{ =Ly, Ly, ~Luly, +LiLy

Making similar substitutions with the Liz terms,

_k
2

_k
LS, +L8 , = L3kan_%—10(—l)m 2(3P%—P%+2F%)P§L4 )

LS

2 -k 6 274
+10(5F s — 11Fy + 8Fy )Py L) =500(=1)""1Fg — Li,L,,

S

~Lp L%+ LkLﬁm e
2

From Theorem 3,

~LoLy = LuLa  + Ll -g —Lo Ly (Lo + L3 ) + Ll

N>

_k
~(Lomg + (=1)" 2L (LeL2

2

Since Lfn_% =Lyyk+ 2(—1)’”‘%

~LoLy i~ Ll + LL® -g

= (L2 = 2(-1)" 3 4 (<)L ALL2 | ~10FR(=1)"8) + L LS
L~ 10F )

=

m=z
_k _k _k
= —(Lfn_g—4(—1)m ZLi_%+4+2(—1)’” 2Lkan_%+L,%—4Lk)(LkLi1_%—1O(—1)m ng
= 10(=1)"3F2L* | +4(-1)" 3L LY |, —40F?L2 , —ALL> , +40(—1)"":F>
7 m=3 m=3 2 M=z m=3 2
ko4 272 372 o)) 272

_40(~1)""5 L, F2.
2

C10F2(=1)"™3)+ L LS .
2 m=

N>

6
y+LkLm_

k
2



From Lemma 4, LkF% = F372;<F§ —Pf, and thus
2
2714 412 6
~L2Lr  —LyL2  + LkLm_g
= 20(-1)"SF2L* |, —10(-1)"2Fy P Lt —40P2L2 —4LL2
2 M3 z 2 2 2
—40(=1)""5F? 4 20L F?L> k—L,fL2 L +10(— 1)’“‘7L,§F%+4L,€L2 L
2 7 M3 m=3 2 m=3

_40(~1)""2 L, F2.
2

By writing L?L? | as (5F; +2)(Lyx +2)L2 ,
m=3 2 m—3

m-—m-k

~L2 L —LyL2 . + LkL6 %

= 20(—1)’“—71??;11 k—10(—1)’”—71r3kaL‘l k+20P3kPkL _ —80FL2

-2 m=7 2 2 M=3

—8L% |, —(5F2 +2)(Ly + 2)Lm L +80(=1)""2F2 4 10(—1)’“‘%,@5
2 2 2 2

2

272 m—k

= 20(—1)m—§P§Lfn , —10(=1)""2F%FiL* |, +35F%FiL? , —90F;L? |

-5 2

2
~5F5FyL? +80(—1)m—§Pf+10(—1)m—§L,§F£+4(Lk—2)L2 L —40(=1)""
-2 2 m-=z

2
= 20(—1)m—§F5L4 = 10(=1)""5F5 Fy L* k+35P3kPkL ~80F} 212,
2 M3 z 2 m= m-5 2
~5F5FyL? , +40(-1)" §P5+10( 1)"3L2F2 — 80 1)m—§F%P§
-2 2

It can be shown that 250F% = 10L;F; - 40F 3 Fy + 80F2. Thus
2 2 2
SL2LA -~ LRL2 + LS, = 20(-1)"SFPLY  —10(-1)""3FyFy L}
2 2 2

k
m=3

+35P%FKL2 . —80F?L?
k kLo

m=3

Nl NI

~5F5FyL? = 250(~1)""3F

2

[STEle)

and

_k _k
LS, +L5 = L3kL e 30(~1)" ZF%F%Li_k +(45F3 ~ 75F%)P%Li_k —250(=1)""2FS.

Nl
[N]

Theorem 6. For integers m, and k =0 mod 4,
_k
Ly +L18 = L4kan_% —40(-1)" 2F%F§Lfn_% +(100Fz - 140F57;<)PEL4 )

+(—1)m—§(—80F%k +280F 3 —280F 3 )Fy «L?> . +1250F%.
8

N =

"

™

O

STk



Proof. From Theorem 4,

8 8 4 4 2 4714

_k
(LZkLi_% - 20(-1)" 2F37;<P§Lfn_§ + 50F‘§)2 —2LpLE .

+2500F}

2

L2, 18  +400F% F21*
2k -k 5 m

_k
2

—40(—1)’”‘%L2kP%F%L6 ¢ +100LyFiL?
il

k
2 2

_k
~2000(-1)" 2F%F§L2_% —2Lp LY .

m

Note that L%k = Ly + 2 and Ly F3x = Fzx — Fr. These substitutions as well as substitutions
2 2 2

for F2, and F? can be made so that
7z 2

8 8
L, + Lm_k

LygL®  +80(Lsx —2)F{L? , +2500F;
2 2 2 2

—40(=1)""3(FaFi —F)L® |, +20Lop(Lg— 2)F7L*
2 2 2 M3 2

2

-k 512 474 8

k
2
= L4kan_§ +80(Fz — Fs — 2P§)F%Lfn_% + 2500P§
m—k 2\76 274
—40(-1)""2(FpFr = F{)L> | +20Lo (L —2)FiL"
7z 2 2 M7z 2 M3

N

LpLE  + 2Li p
2

—2000(—1)""2F3F2L* | -

; 4714
Expanding -2Ly L7 ,,

“2(Lypg + (=1)" 3 Ly)*

= (LY, A1), L+ 612, L2+ 4(=1)" 5Ly, L3+ LY)

474

Again, since Lfn_% =Lk +2(-1)""2,

SLALE = —2(LP = 2(-1)" R 4 A=) 3 (12

_k _k _k
+6(Li_§ —2(=1)""2)2L7 + 4(-1)" 2(L;_% —2(=1)""2)L} + L})

(Ly —2)+ (6LF — 24L; +24)L* |

4
m=3

= (L8, +4(-1)"5LS

k
m—j m—j

+(4L7 —24L7 + 48L; - 32)(=1)""2L2 o + (L} — 8L} +24L7 - 32L; +16)).

9



Recall that F? = 1(L; - 2) and thus,
2

1
5

2

2Ly Ly = 2L+ 20(—1)m‘%PiL:1_k +(30F; Ly — 60F7)L*
2 2 2 2 2
+((20F} +8)L{ — 120F; Ly - 32)(-1)’“‘%2 ¢ +(LE—8L7 +24L7 — 32L; + 16))
2 2 2

= (L% +20(-1)""3FZLS | +(30F7L;~60F2)L*
2 2 2 2 2

2

+(20(Fs — Fy¢)Fy + 120F2 — 80F2L,)(~1)"" L2 |
2 2

2

+((5F% +2)* - 8(5F% +2)% + 24(5F£ +2)? —32(5F% +2) + 16))
2 2

= —2(Lfn_%+20(—1)m SF L;_k+(3op3k —90F? )Lm

k k
z 2

+500F¢(-1)" 312, + 625F8)
; 4

Combining this result with the expanded form of L%, + Li_k we get that

8 8
L, + Lm_k

= Lyl® , + 80(Fz — Fs — 2F§)Pijq t 2500P8
_k _
—40(=1)""5 (FuFx — F2)LS , +20Loy (L 2)P2L4 .
2 2 3 m—* m—j

—2000(-1)’”—51:%1?5142 ~1000(- 1)’”—71: 612 4208 ,
2

m— 5 m—3 m—5

k
2
~2(L8 , +20(-1)"3F2LS +(30F 3 90P2)L4 _ +625F]
_7 i

N
N\?\“‘

= L4kL8 k—40(—) 2F7kaL +80(P7k—F5k—2Pk)FkL ;

k
m=3 2

+20(Fr —3F5 +3F3 — Fy)F L} —2((30F 5 — 90Ff)L .

k
m-— 3 5 m_j

—40(-1)"" (sz—4Lk+6)(F% 2P7k)FkL2 k+12501—“8

m_,

= L4kLi . —40(=1)"" 2F7kaLm ¢ +80(Fz —Fs —2Pk)FkL
_k _k

2

k
-2
+20(F7x — 3F s« + 3F 5 —FK)FKL‘L —2((30Fs —90F?)L* |
2 2 2 2 2 m— 2 5 m—

[Tk

k
2 m-—

—40(—1)”7—%(21:% ~7Fsg +7Fy)FyL2 , +1250F}.
2 2
Finally, we conclude that

Ly +18 = L4kLi_§ - 40(—1)”1—%1331:@6 ¢ +(100Fz — 140F 5 )FKL‘L L

M\
[N]

H(=1)" 5 (= 80F 7 + 280Fs —280F 3 )FiL? +1250P8

m_,

10



6. Future WoRrk

In this paper, we focused on particular sums of powers of 2 for both Fibonacci and Lucas
numbers. There are some obvious future research projects that can come directly from
this work. First of all, it seems reasonable to think that Theorems 5 and 6 could be gen-
eralized in a similar way to what was done in Theorem 4. In addition, a generalization
for all powers of two or all even powers could be explored. One might also explore odd
powers as well. Throughout the majority of the higher power theorems, we also assumed

k=0 mod 4 so that (-1)"* = (—1)”1‘%, however there may be similar results for k =1,2,3
mod 4.

In our exploration of articles focusing on Fibonacci and Lucas number identities, we
found many different and interesting proof techniques leading to intriguing results. Al-
though in this paper we strictly use known properties and algebraic techniques to identify
additional properties for higher powers, it would also be interesting to attempt to apply
some of these other techniques, such as those combinatorical techniques found in [2] and
[3], to these higher power problems.
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